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This paper sketches a concept of higher-level objective probabilit y (\short-run
mechanistic probabilit y", SRMP) inspired partly by a style of explanation of rel-
ative frequenciesknown as the \metho d of arbitrary functions". SRMP has the
potential to �ll the needfor a theory of objective probabilit y which haswide appli-
cation at higher levels and which givesprobabilit y causalconnectionsto observed
relative frequency (without making it equivalent to relative frequency). Though
this approach provides probabilities on a spaceof event types, it doesnot provide
probabilities for outcomeson particular trials. This allows SRMP to coexist with
lower-level probabilities which do govern individual trials.

Note: Aside from minor changesand the addition of two appendices,this is the
samepaper as (Abrams, 2000). Appendix A provides background which may be
helpful to somereadersunfamiliar with mathematical probabilit y and philosoph-
ical discussionsof probabilit y. Appendix B gives a more mathematically rigorous
version of an informal argument presented in section 2.

1. In tro duction. A theory of higher-level objective probability should

satisfy at least theserather loosedesiderata:
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1. There should be intimate relationshipsbetweenprobabilities and rela-

tive frequencies:Relative frequenciesshould usually be closerto prob-

abilities whenthe number of trials is larger. The theory shouldbe able

to account for the intuition that objective probabilities explain relative

frequencies.And theserelationshipsbetweenprobability and frequency

shouldhold for time scalesrelevant to everyday observations of nature,

gamesof chance,etc. (A theory that tells us only about what happens

after in�nite time doeslittle to support scienti�c realism.)

2. Nevertheless,the theory should allow relative frequenciesto di�er sig-

ni�can tly from probabilities, perhapsquite often in casesin which only

a few trials have taken place.

3. The theory shouldn't give rise to an inconsistencybetweenhigher-level

and lowest-level probabilities.

As far asI know, we have no theory of probability of this sort.1 Hypothetical

and actual frequencytheorieshave fairly well-known problems.2 Single-case

propensitiesplausibly ariseonly in quantum mechanics, if anywhere.3 Occa-

sionally philosopherssuggestthat quantum mechanical indeterminacymight
1 After this paper and the chapter on which it is basedwere written, Michael Strevens

gave me a copy of (Strevens, 2000). I have not yet had a chance to read this work as
carefully as I'd like, but Strevens is covering much of the same ground. There are a
number of parallels between ideas presented here and ideas in Streven's book, though
Strevens' views appear more detailed.

2 Seefor example (H�ajek, 1997, 1998), (Van Fraassen,1979, 1980, ch. 6), (Kyburg,
1974), and (Giere, 1976).

3 Seefor example (Giere, 1973).

2



routinely infect higher level processes,4 but I �nd their arguments unconvinc-

ing. Attempts to capture intuitions about objectiveprobability by de�nitions

in terms of subjective probability5 are instructive, but they can't support a

strong higher-level realism.

Now, I don't claim to have a theory of probability of the sort I think we

need. Instead I'll o�er a sketch of a kind of probability, which I call \short-

run mechanistic probability" (\SRM probability", or \SRMP"), which has

the potential to satisfy thesedesiderata. This will in fact be a sketch of a

sketch; a longer discussioncan be found in my dissertation (Abrams, 2002).

I hope to convey how plausible the idea of SRMP is, and thereby convince

you that the work required to pay its debts is worth doing.

What I'll do is describe an example of a type of argument known as

\the method of arbitrary functions". I'll discusssomeof the background

assumptionsneededto make the argument work. My suggestionthen will

be that the generalprinciples that make the method of arbitrary functions

work can be generalizedand placed in a certain framework which will give

us a theory of probability of the right sort.

2. The Metho d of Arbitrary Functions. Considera simpli�ed roulette

wheel. Rather than spinning a ball around the edgeof the wheel,we'll just

spin the wheel and note the relative frequencieswith which a �xed pointer
4 For example (Lewis, 1980,1986b).
5 SeeJe�rey's intro duction of his conceptof the \ob jecti�cation" of subjectiveprobabil-

it y in (Je�rey , 1983,x12.8), and Skyrms' characterizations of \prop ensity" and \ob jective
probabilit y" in (Skyrms, 1980,chapter IA).
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points at this or that sector. Let the wheel have someeven number n of

sectors,alternately red and black, where the ratio betweenthe sizesof any

two adjacent sectorsis, let's say, 1/2; each red sector is 1/2 the sizeof the

black sectorto its right. Then 1/3 of the wheelis coloredred; 2/3 is colored

black. Intuitiv ely, the probability of red is then 1/3 and the probability of

black is 2/3. And we'd predict that if someonespun the wheelmany times,

the relative frequenciesof red and black would be near to thesevalues. Why

should this be the case?

A variant of a kind of argument known asthe \method of arbitrary func-

tions" (MAF), due originally to Poincar�e (1912, introduction and xx90-92;

1905,chapter XI) can explain the relative frequenciesthat such a roulette

wheel would produce. Here I'll only give an intuitiv e argument which cap-

tures the 
a vor of the MAF though lacking generality and rigor.6 What

the argument shows is that in the caseof the roulette, intuitiv ely, \most"

distributions of input spins will produce roughly the same set of relative

frequenciesfor red and black outcomes.Theserelative frequencieswill corre-

spond to the relative portions of the roulette wheelcoveredby red and black.

Poincar�e applied arguments related to the one here to roulette wheelsand

to the distribution of asteroids. Other authors applied similar arguments to

other cases.7

I'll assumethat oncespun, the roulette wheel moves at a constant an-
6 Appendix B givesa more rigorous argument for the sameconclusion.
7 See(von Plato, 1994,ch. 5) and (von Plato, 1983) for references.
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Figure 1: A portion of the map from velocity intervals to wheelsectors.
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Figure 2: A portion of an approximately continuousvelocity distribution.

gular velocity; after a �xed amount of time we bring it to a dead stop. (A

more realistic treatment would complicatematters without changingthe ba-

sic situation, I believe.) We can divide up the initial angular velocities of

wheelspins into intervals accordingto the colorson which the wheelwould

stop, given a particular initial velocity. Two adjacent sectorsof the wheel,

a red one and black one, correspond to two adjacent velocity intervals; for

conveniencecall these\red" and \black" velocity intervals (�gure 1). We'll

start with a simplemeasureon velocity intervals, Lebesguemeasure,the dif-

ferencebetweenan interval's minimum and maximum velocities. I'll assume

that there are largest and smallestpossibleinput velocities for a given case,

so that the rangeof possiblevelocities is not in�nite; we can then normalize

the measure,scalingit by the total rangeof possiblevelocities.

Supposewe have a set of spins distributed between the various red and

black velocity intervals. Supposethat there are very many spins,so that we
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have a reasonableapproximation to a continuous distribution. The curved

line in �gure 2(a) represents a portion of the distribution. The measureof

velocity intervals is represented by width. The number of spins at a given

velocity, or in a very small interval, is represented by the height of the curve.

Area under the curve over a red or black interval represents the number of

spins in that interval. (Ignore the upper horizontal line and the shading in

the diagram for the moment.)

Considerany pair of adjacent regions,a red one and a black one. Their

widths have the ratio 1/2, but the ratio betweentheir areaswill not generally

be 1/2. In �gure 2(a), for example, the curve representing density of spins

goes a little higher over the black region, giving it a larger area compared

to the red region. It will be informative to comparethis situation to one in

which the combined number of spins for a pair of red and black regions is

similar, but wherethe density curve is constant acrossboth regions. I've put

this new curve (a horizontal line) at about the averageheight of the original

curve over the combined region, though all that we really need is that the

new line's height be in the samegeneralrangeas the original curve over the

two intervals. The new, 
at curve is similar to the original curve in overall

height, but it makesthe ratio betweenred and black areas (the rectangular

regions) the same as the ratio between red and black widths. Then the

shadedregions in �gure 2(a) show how much the alternative, rectangular

red or black region's area di�ers from that of the corresponding original

curve-topped region. In other words, the shadedregionsshow somethinglike
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the di�erence betweenactual relative frequencyand what relative frequency

would be if it wereequal to relative measure.Or to put it another way, since

the ratio betweenthe areasof the two rectangularregionsis equalto the ratio

betweentheir widths, we can think of the shadedregionsas what accounts

for the di�erence betweenthe ratio of the two original regions'areasand that

of their widths. The shadedregionsin e�ect represent the di�erence between

on the onehand, the ratio betweenthe actual relative frequenciesfor the two

intervals, and on the other the ratio betweentheir measures.

Considerwhat happensif we increasethe number of sectorson the wheel,

makingeach sectornarrower. This hasthe e�ect of making the corresponding

velocity intervals smaller as well. But the density curve just shows how

often spins causethe wheel to stop at this or that point on the wheel's

circumference,so the shape of the curve doesn't changeas the widths of the

regionsget smaller (�gures 2(b){2(d)). Notice how the shadedregionswhich

account for the di�erence between the width and area ratios get smaller as

we increasethe number of sectorson the wheel. And how a greater portion

of the original regionsis included in the rectangular regionswhich bear the

1:2 ratio. If we make the sectorson the wheelsmall enough,always keeping

the 1:2 red/black width ratio constant, the shadedregionswill be very tiny.

Then the ratio of the areaof each red region to that of its neighboring black

region will be nearly 1:2. And since the ratio between the red and black

areasfor each pair of neighbors will be closeto 1/2, the ratio between the

area of all red regionscombined and the area of all black regionscombined
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will also be closeto 1/2. Thus, when the sectorson the roulette wheel are

small, making velocity intervals small in relation to the range of velocities,

relative frequenciesof red and black outcomeswill be nearto the proportions

of red and black on the wheel. This conclusionis largely independent of the

particular distribution of spin velocities. It will hold as long as the density

curve representing numbers of inputs in small velocity intervals does not

becometoo steep at any point. In other words, within very broad limits,

it doesn't matter if the personspinning tends to give faster spins or slower

spins; the end result will be approximately the same.

3. What mak es the MAF work? What is it about the roulette wheel

and other mechanismsthat makesthe method of arbitrary functions applica-

ble? What makesit solikely that relative frequenciescomeout the sameway

in most large sets of spins of the wheel? First, the roulette wheel exhibits

instabilit y: it often mapssimilar inputs to dissimilar outputs. For example,

two input velocities can be very near to each other, yet one results in red

while the other results in black. Second,the wheeloften mapsdissimilar in-

puts to similar outputs. Two very di�erent input velocities can both lead to

black, for example. When thesetwo conditions are met, causalchains from

inputs will be \shu�ed" on the way to their corresponding outputs, and the

causesof a set of similar outputs canbe drawn roughly equally from all parts

of the input space.

Let us say that a \cell" is a set of similar inputs which lead to similar
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outputs (for example,a red interval or a black interval in the roulette exam-

ple). Then the third condition neededfor the MAF to work is that nearby

cells mapping to dissimilar outputs should receive comparablenumbers of

inputs. This last condition hasthe consequencethat dissimilar outputs (e.g.

red and black) drawn from the samemulti-cell input region (a pair of adja-

cent intervals) will appear in roughly the samenumbers. Sincethis is true

for each such input region, it's true in general.8

The next sectiondiscussionsa subtlety related to the third requirement.

4. Measures and input distributions. The measureon the velocity

spaceplays a crucial role in the MAF argument givenabove. The argument's

conclusionwasthat if the alternating red/black intervals in the velocity space

had small measurerelative to the slope of the input distribution, then the

relative frequenciesof red and black would becloseto the ratio betweenmea-

suresof red and black intervals. Lebesguemeasuremust be pretty special, if

factsabout measureimply factsabout what relative frequenciesthere will be.

Why not someother measure?Suppose,for example,we arbitrarily choose

a measurethat happensto weight red regionsmore than Lebesguemeasure

does?Could we then arguethat red would have a higher relative frequency?

Consider �gure 3. Here it will be simpler if we don't pretend that the
8 According to von Plato (1994, p. 172), three conditions for the applicabilit y of the

MAF similar to the onesgiven here were �rst stated by von Smoluchowsky. Hopf (1935,
p. 5) gives a requirement similar to the third: that in small regions inputs be roughly
uniformly distributed.
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Figure 3: Width: measure;height: averagetrials; corresponding areasequal.

input distribution is continuous.9 Again, velocity intervals' measuresare

represented by width; the number of inputs having a value in a given interval

is represented by the area of the rectangleover an interval. The height of

a rectangle then represents the averagenumber of inputs for that interval.

Let's say that in �gure 3(a), width represents Lebesguemeasurede�ned in

terms of velocity as above. Now supposethat without changing the actual

set of inputs, we usea di�erent measure,shown in 3(b), which givesthe set

A twice the measurethat it has in 3(a) while keepingthe measureof B the

same. The number of inputs in A is the samein both cases,so we have to

keep the area of the corresponding rectangle the same,thus making it half

as tall. What we saw above was that relative frequencieswill be near to

measuregiven that inputs are distributed to adjoining velocity intervals in
9 The argument in appendix B (an alternativ e to the one in section2) doesnot require

that the distribution be continuous.
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such a way that the slope of the distribution curve is not too steep. The

analogousrequirement here is that the height di�erence between adjoining

rectanglesnot be large. What �gure 3 shows is that the heights of adjoining

intervalscanbesimilar relative to onemeasurebut very di�erent for another.

Given the measurein �gure 3(a), the MAF may apply becausethe \slope"

from one interval to the next is not large. But given the measurein �gure

3(b), the intervals A and B are not small enoughto make relative frequency

closeto relative measure.On the other hand, if there weresigni�cantly more

inputs in A, then this secondmeasuremight allow the MAF to go through

while the �rst measuremight not.

So there isn't necessarilyan obvious measureon which to basean MAF

argument. An appropriate measurehas to re
ect actual relative frequencies

to a certain extent; it has to \match" the facts about certain setsof inputs

in our world. If Lebesguemeasureworks for MAF-arguments concerning

roulette wheels, that means that among certain common sets of roulette

spins, we will �nd mostly shallow \slopes" relative to Lebesguemeasure.

Nevertheless,this �t between a measureand sets of inputs allows a wide

rangeof variation in thosesets.

There do have to be restrictions on what can count as a relevant set of

inputs in determining the appropriate measurefor application of the MAF.

Asidefrom the needfor the input setsto be large,they can't just bearbitrary

collectionsof actual inputs. At a minimum, I suggestthat a relevant set of

inputs must be onewhich contains all and only events which are the product
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of a singletoken mechanism during a continuousinterval of time, and which

are events in the input spaceof a mechanism, such as the roulette wheel,

which is underconsideration.For example,viewingpeopleworking at casinos

as mechanisms, the set of all roulette spins by a single croupier in a given

month might count as a relevant set of inputs (whether the spinsare at the

sameroulette wheelor not). But a set containing only thoseof the croupier's

spinswhich lead to red would not generallycount asa relevant set of inputs.

I discussthis issue in more detail my dissertation (Abrams, 2002), where

I call the sets of inputs that should count in determining the appropriate

measure\natural" setsof inputs.

5. Mec hanistic Probabilit y. Versionsof the method of arbitrary func-

tions have beenapplied to a handful of idealizedmechanisms,all relatively

simple. Related ideas can be found in an area of mathematics known as

ergodic theory, which generally only applies to systemsin which a mecha-

nism repeatedly operateson its own outputs. But ergodic theory is typically

concernedwith behavior in the in�nite limit; applied to physical systems,

ergodic theory usually predicts only what will occur after in�nite time, and

such predictionsneedn't have any implications for the relative frequencieswe

observe. Still, if we could generalizesomeof the ideasfrom the method of

arbitrary functions and ergodic theory, we could basea theory of higher-level

objective probability on them. In particular, we'd needto generalize,in some

reasonablyprecisemanner, the ideaof inputs getting \shu�ed" in the above
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senseon the way to the output space. The ROF requirement below is in-

tendedasa stand-in for such a future generalization. In addition, we'd need

to generalizethe ideathat there must be somesort of loose\match" between

a measureon the mechanism'sinput spaceand certain kinds of commonsets

of inputs, what I referred to above as \natural" sets of inputs. The MID

requirement below is intended as a stand-in for that kind of generalization.

What I'll do now is explain how one can construct a theory of objective

probability given the right kind of generalizations.

First, from an instanceof an input state, a deterministic mechanismpro-

ducesan instance of an output state. More abstractly, such a mechanism

implements a map T from an input spaceof event typesto an output space

of event types. For present purposes,wecantreat event typesassetsof possi-

ble events. (Here \event type" correspondsroughly to what mathematicians

call \event"; a mathematician might speakof a particular outcomeof a trial

where I use \event".) Since we're assumingthat the mechanism is deter-

ministic, if we have somekind of objective probability for a set of inputs to

the mechanism, this determinesa probability for a corresponding output set.

Or to put it a di�erent way, we can de�ne the probability P O of any set of

outputs A in terms of the probability P I of the set of inputs which might

causeit:

PO(A) = P I (T � 1(A)): (1)

Now supposethat a mechanism T satis�es the following two-part condi-

tion MP in our world.
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MP: MID Existenceof a MeasureM atching I nput D istributions:

There's a measureP I on T's input spacewhich \matches" most

actual natural sets of events in T's input space. These sets of

inputs must in somesensebe very diverse. If P I is not unique,

then any such measuremust generatesimilar values for P O (A)

for any A in the relevant algebra BO of subsetsof T's output

space.Thus, the actual set of natural input setsmust determine

a unique,nonempty near-equivalenceclassof measuresP I j which

match most of thosesets.

ROF Robustnessof Output Frequencies:

T is such that relative frequenciesamongoutputs will be robust

with respect to variations amongnatural setsof inputs. Specif-

ically, natural input distributions which match P I causeoutput

distributions with relative frequenciesnear to the measuresas-

signedby PO .

MID and ROF clearly need to be 
eshed out in several respects with

more precisemathematical and metaphysical criteria. Suppose that they

have been. Then the mechanistic probability of A will be de�ned to be

PO(A). Call this \short-run mechanistic probability" (\SRM probability",

or \SRMP") if the relative frequenciesmentioned in ROF include relative

frequenciesin �nite sets of outputs, including sets which are small enough

that thesefrequenciesmight be of concernto us. Otherwisecall it \medium-
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run" or \long-run mechanistic probability", the latter for the casewhereROF

mentions only limiting frequencies.

It's essential to MID that the matching relation allow a wide range of

input distributions to match the sameinput measure.But ROF guarantees

that this range will be wider, in somesense,than the range of output dis-

tributions which the matching input distributions cause.As long as a set of

inputs is in the right generalballpark, the structure of the mechanism satis-

fying ROF should guarantee that output relative frequencieswill fall within

narrow rangesof values.

It's plausible that the shu�ing causalstructure which exempli�es ROF

is common among gamesof chance and many other aspects of the world.

For example,many ways of 
ipping a coin lead to heads.Yet it seemslikely

that a small di�erence of initial velocity could result in a di�erent outcome.

And although the details are complex, I believe that SRMP can ground the

probabilities underlying popular de�nitions of biological �tness.10 Consider

the fact that placing the sameorganism in diverseconditions can result in

it having the samenumber of o�spring, while a small shift in the wind or in

the location of another organismcan lead to an early death or to the failure

to eat or mate, thus changing the number of o�spring.

It may be that a fully-developed versionof SRMP would support output

spaceswith countably additive probability measures,even though relative

frequenciesin �nite spacesare only �nitely additive. This seemspossible
10 I argue for this point in my dissertation (Abrams, 2002).
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becauseMP as stated is consistent with the output probability spacebeing

more �nely structured than a �nite output relative frequencyspacecan be.

On the other hand, it could turn out that �nite additivit y is all that SRMP

will provide. Given the loosenessof MP asstated here,it could even turn out

that SRMP would not even provide a probability measurewith determinate

values. It might only provide probability in someloosersense,as in axiom

systemsfor interval-valuedprobabilities. But if the intervalsweresmall, they

might be enoughlike numeric probabilities for most practical purposes.

Assuming that the details of the de�nition of SRMP can be 
eshed out

in such a way that it doesnot depend on any non-objective elements, SRMP

clearly satis�es the �rst two of the desiderataI listed at the beginningof the

paper. It would bear a causalrelationship, via the ROF property of a mech-

anism, to relative frequency, usually resulting in relative frequenciesnear

probabilities whenthe numbersof trials is large. Nevertheless,that a mecha-

nism's outputs had certain SRM probabilities would not necessarilyguaran-

teethat relative frequencieswould comeout nearto thoseprobabilities|after

all, MP doesn't require that there beno input distributions which give rise to

divergent frequencies.And by de�nition, if SRMP is de�nable at all, SRMP

will be able to do all of this in terms of �nite frequencies.

A signi�cant feature of SRMP is that while satisfactionof MP hasimpli-

cations for relative frequencies,MP says nothing at all about outcomeson

individual trials. There's no reasonto think that a fully developed theory

of SRMP will provide objective probabilities concerningoutcomeson partic-
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ular trials. It's true that there's a sensein which mechanistic probabilities

must be present on each executionof a mechanism. The mechanism has the

structure it has, and the distribution of natural setsof inputs is what it is,

and all this is true at the moment of a given trial if it is ever true. Moreover,

the mechanistic probabilities in question are probabilities of event types in

the output spaceof the mechanism|just what probabilities of outcomesof

a trial should be. All this might make one want to claim that mechanistic

probabilities must apply to the outcomesof particular trials. But though

the probabilities do exist in this senseat the time of a given trial, they need

not be probabilities concerningwhat will happen on that trial; they need

not be probabilities which in any sensegovern individual causalinteractions.

SRMP is objective, sinceit's determinedby facts about inputs in the world

and about the structure of a mechanism. And it's probability, as long as it

satis�es a set of probability axioms. Moreover, the spaceon which SRMP

is a measureconsistsof event types. But SRM probabilities need not be

probabilities of possibleevents on particular trials.11 This, in fact, is one of

SRMP's greatestvirtues. SinceSRM probabilities needn't beprobabilities of

outcomeson particular trials, an outcomeevent typeon a particular trial can

still have an objective probability of 0 or 1 (given determinism), consistent

with that event type having any value for its SRM probability. (If determin-
11 This shows that SRMP cannot be identi�ed with single-casepropensity. I argue in

my dissertation (Abrams, 2002) that it would also be a mistake to identify SRMP with
propensity interpreted ashypothetical frequency. Shimony (1975,pp. 390f) and von Plato
(1982, pp. 62f) each seemto suggest that propensities can in some sensebe based on
ergodic theory in a way that's reminiscent of SRMP.
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ism is false,asis likely, a completetheory of SRMP would needto be revised

to deal with the fact that most mechanismsare only nearly deterministic.

Then the point would be that SRMP would not constrain higher-level prob-

abilities to be near to 0 or 1 in typical cases.) Thus SRMP appears to be

able to satisfy our third desideratumas well.

App endices

A. Background on ob jectiv e probabilit y: Given certain details of the

description of the presentation above, it may be helpful to somereadersif

I make explicit a distinction usually taken as understood in philosophical

discussionsof probability. A brief introduction to the mathematical concept

of probability will be included in this presentation.

In onesense,there are an in�nite number of probability measures\appli-

cable" to this or that corner of the material world. Probability, in its purest

form, is de�ned in terms of oneor another setsof axioms. If there's a sense

in which somethingin the world satis�es theseaxioms, then there's a sense

in which probability appliesto it. But this is not what peoplemeanby \ob-

jective probability". What I want to clarify here is the distinction between

the objective instantiation of mathematical probability, and what's known

as \ob jective probability".

For example,probability theory applies to areason a surface|an y sur-

face. Here'swhat you needto \apply" probability to areaon the surfaceof
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a desk, for example. We need, �rst, a set 
 of basic elements. Thesewill

be the set of all points on the surfaceof the desk. Second,we needa set B

of subsetsof 
. Together, 
 and B constitute a spaceh
 ; Bi .12 It turns out

that you can't just de�ne B to be the set of all subsetsof 
, becausethis can

include somewhatbizarre setswhich lead to contradictory results.13 To keep

things simplewe might start with a set of 1 inch � 1 inch squares,laying out

asmany contiguous squareregionsaspossiblestarting from onecorner, and

adding in whatever rectangular regionsare left over at the far edges.We'll

de�ne B to include thesesquaresand smallerrectanglesand all possible�nite

unions14 of them, plus the empty set. BecauseB is includes the empty set

and is closedunder �nite unions and intersections,we say that it's a �eld or

algebra. When the elementary sets (the squaresand edge-rectanglesin the

present case)are in�nite in number, and B is closedunder countably in�nite

unions as well, we say that it is a � -�eld or � -algebra.

Lastly, we needa probability measureP, a function which assignsa num-

ber to every oneof the setsin B. This function must satisfy an appropriate

set of axioms. Typically, the probability measuremust assign0 to the empty

set, 1 to the surfaceof the whole desk,and for any two setsA and B in B
12 I'll often refer to 
 as a spacefor the sake of convenience.Strictly speaking a space

is always an ordered pair h
 ; Bi , or a triplet h
 ; B; P i including a probabilit y measureas
well.

13 Such sets are called \non-measurable". See,for example, (Friedman, 1982), chapter
1, especially x1.6, or either (Munro e, 1953) or (Munro e, 1971), especially x18. In this
paper I take for granted that all setsmentioned are measurable.

14 A �nite union is the union of a �nite number of sets. A countably in�nite union is
the union of a countably in�nite number of sets.

20



which don't overlap on the surfaceof the desk,the sum of the probability of

A and the probability of B must be equal to the probability of their union

A [ B : P(A) + P(B) = P(A [ B). (With more elaborate B's, � -�elds, one

typically usesa stronger versionof this last \�nite additivit y" requirement,

namelya requirement that the measuresatisfy \countable additivit y" aswell.

Countable additivit y is similar to �nite additivit y but applies to countably

in�nite unionsof setsin B.) Theserequirements allow P(A) to be de�ned in

many di�erent ways. One might de�ne P(A) for a set A in B as the propor-

tion of the area of the desk taken up by A. Or one could de�ne P in some

lessobvious way, by giving higher valuesto portions of the deskwith darker

wood, or by somearbitrary assignment of values to the original rectangles

from which we generatedB.

There are lots and lots of probability measureswhich exist in this purely

mathematicalsense.Therearean uncountably in�nite number of probability

measuresthat can be de�ned over the B just described. And we haven't

consideredall of the uncountably in�nite other ways of de�ning a set B of

subsetsof the points on the surface of the desk; for each of those, there

will typically be just as many ways to de�ne a probability measureover the

sets in B. And of coursethere are all of the other desksin the world, and

other surfaces,and volumesand setsof temperaturesand weights and other

properties, sets of bowling pins, sets of water moleculesin leaves of trees,

and so on and on. A wide variety of probability measurescan be de�ned

over each of these. Most importantly for my purposes,I will assumethat

21



there are in somesensesets
 of basicevent types,and setsB of subsetsof

such sets. We can think of the setsin B ascorresponding to more generalor

more speci�c event types, in e�ect disjunctions of event types in 
, and in

fact I'll often slide back and forth betweentalk of setsof events and talk of

event types.15

Now, for any such spaceh
 ; Bi , there are myriad probability measures

which are mathematically appropriate. But an arbitrary probability measure

mathematically de�nable over someset of subsetsof a set of objective things

isn't what peoplehave in mind when they talk about objective probability.

For a probability measureto be consideredobjective, something further is

needed;in particular, the probability measurein questionmust itself derive

from objective featuresof the world.

This distinction matters in this paper becauseat times I say things like

\there exists" a probability measurefor a B, or that a certain measureis \de-

�nable". By this I usually intend the purely mathematicalsort of probability.

That is, in saying that a probability measureexists, etc., I usually meanno

more than that such a probability measureon such and such set of events is
15 B must be closedunder union (perhapscountable) and complementation. I takeevent

types to be properties of token events, and it's not clear that we should take predicates
which expressdisjunctions or negations of properties to correspond to real properties in
the world. Armstrong (1978, ch. 14) argues that we shouldn't. For example, if landing
heads,and landing tails, are properties of particular coin tosses,is landing heads or tails
a property that a coin toss can have? I don't have a position on this kind of question,
so I don't have a position on whether there's an event type corresponding to every set
in the �eld B of subsetsof a set 
 of event types. Nevertheless,simply for the sake of
convenienceI will talk as if there is an event type corresponding to each element in a �eld
of possibleevents. If this turns out to be wrong, we will usually be able to translate such
talk into talk of logical constructions from event types,or into talk of setsof event types.
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mathematically consistent with that set. But the ultimate goal of the pro-

gram sketched here is to derive certain probability measuresfrom aspectsof

the world, to show that certain of the mathematically consistent probability

measurescan be basedon aspects of the world. And in MP (p. 14), the

loose\de�nition" that's the coreof my description of short-run mechanistic

probability above, I intend my talk of the existenceof a probability measure

(or setof measures)satisfyinga certain condition to bea looseway of talking

about that measurebeing determinedby that condition, i.e. determinedby

a certain aspect of the world.

B. A more rigorous version of the argumen t on pp. 4{9: Here I'll

give a moremathematically preciseversionof the argument on pp. 4{9, using

little more than high school algebra.

In contrast to the argument in section2, whereI treated the distribution

of starting velocities as if it were continuous,hereI'll make the �nite sizeof

the distribution explicit. In the real world there will be only a �nite number

of spinsof any given roulette wheel,and I want to make it clear that onecan

give an MAF-style explanation of the behavior of the roulette wheelwithout

assumingcontinuity. So insteadof a smooth curve describingthe number of

times that the wheel's initial velocity falls into a certain range, we'll usea

step-shaped graph representing the averagenumber of spinsin each velocity

interval. We'll still have to assumethat the distribution of actual inputs is

roughly continuous,but I'll make clear what I meanby that below.
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A certain parameter M of a distribution containing a large number of

input spinswill play a central role here. For a continuousinput distribution,

M would be the least upper bound of the absolutevalue of the slope of the

density function f , i.e. M = supjf 0j. For the more realistic casewhere the

number of spinsis �nite, consider,�rst, the di�erence h2 betweenthe average

number of spins for a red or black interval and that of its neighbor interval

(�gure 4(a)). Take the ratio h2=wb betweenthis valueand the corresponding

measureof whichever member of the pair of intervals has the larger average

number of spins. This is a ratio between the change in the average-spins

function from one interval to the next, divided by the width of one of the

intervals; it is thus an analogueof slope for a step-shaped average-spins

function. (In �gure 4(a), this ratio would be the slope of a line between

points p and q.) Now de�ne M to be the maximum of all such ratios for a

given (�nite) distribution, so that

M � h2=wb ;

or

M wb � h2 (2)

holds for any two adjacent intervals. (Note that we can take �gure 4(a) to

represent an arbitrary pair of adjacent intervals A and B; if B 's average

number of spinsisn't at least asgreat asA's, just switch the \ A"s and \ B"s

and the \ a"s and \ b"s.)

Divide the rectangleb into two regionsb1 and b2: b1 is the portion of b
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Figure 4: A portion of velocity distribution.

equalin height to the rectanglea, and b2 is the portion above that. The ratio

betweenthe areasof b2 and b1 is equal to the ratio betweentheir respective

heights h2 and h1 (h2 = the height of b - the height of a; h1 = the height of

a). And note that (2) says that h2, the di�erence between the height of a

and the height of b, can be no more than M wb, the product of M and the

width of b. Therefore,
h2

h1
�

M wb

h1
:

And sinceh2=h1 = b2=b1,
b2

b1
�

M wb

h1
(3)

(allowing namesof rectangular regions to stand for their areas). Or given

that b1 = wb � h1,

b2 � M w2
b : (4)
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Now we'll in e�ect make the red and black regionson the wheel smaller

while keepingthe ratios betweentheir sizesthe same.Figure 4(b) represents

a situation similar to the onein �gure 4(a), but wherethe widths wa and wb

of the intervals are signi�cantly smaller. The ratio betweenwa and wb is the

sameasbefore,and we take M to besameaswell. And we'll assumethat the

height of b, (h1 + h2), is roughly the sameasbefore. In order for all this to be

the case,all that we needis that there be many spinsdistributed somewhat

evenly acrossA and B in 4(a), so that the averagesover moderately-sized

subintervals such those as in �gure 4(b) will be in the same ballpark as

the averagesover the original A and B. This meansthat whenwe break the

original A and B into smaller(not too small) intervalsand computeaverages,

we get a stair-shaped curve that does not contain large jumps|i.e. where

the averagechangefrom one interval to the next still doesn't exceedM . (If

needbe, we could begin the argument with an M that's a bit larger than the

maximum \slope" for the larger intervals.) This is the sensein which our

distribution of actual inputs must be \roughly continuous".

Sinceh1 is roughly the sameas before, and M is the same,(3) implies

that sincewb is small, sois the ratio betweenb2 and b1. That is, if weconsider

alternative situations roughly the samebut for the sizeof wb (and wa), then

aswe take wb smallerand smaller,b2 becomesa smallerand smallerportion

of the rectangleb. The size of b is thus dominated by b1, the portion of b

which has the sameheight as a. So b's area becomescloser and closer to

the area it would have if it were the sameheight as a|i.e. if it represented
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the sameaveragenumber of spins as a. As a and b get narrower, the ratio

betweentheir areasgetscloserand closerto the ratio betweentheir widths.

This argument shows that if M |the maximum \slope"|and wb|the

width of the taller of two regions|are both small relative to the height

h1 of the smaller region, then the ratio between the areasof two adjacent

regions must be close to the ratio between their widths. In other words,

for spins which start in thesetwo small intervals, the ratio betweenrelative

frequencieswill be closeto the ratio between measures.(3) and (4) put a

limit on how far apart these two ratios can be. And the sameconclusions

hold for the union of many such pairs of intervals. Thus (3) and (4) place

a limit on how far relative frequencycan be from measure. Whatever we

might consider\near enough" (i.e. for any given � ), there's a number m such

that for any su�cien tly large input distribution with a maximum \slope"

M less than m, the relative frequency of, say, red will be near enough to

(within � of) the red-causinginput set's measure.The MAF thus allows us

to generalizeover large classof input distributions at once. It implies that

all input distributions meeting a certain minimal requirement will produce

roughly the sameoutput frequencies.

(Note that the argument works for any two pairs of adjacent intervals

which map to di�erent valuesin the outcomespace;it doesn't dependon the

outcomespacebeingbasedon a two-setpartition asin the roulette examples.

With three or more valuesin the outcomespace,onecan run the argument

repeatedlyfor each pairing of a setwith a neighbor. Or onecangivea version
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of the argument for a greater number of outcomesfrom the start.) 16
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