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Abstract

One nds intertwined with ideasat the core of ewlutionary theory claims about
frequenciesin courterfactual and in nitely large populations of organisms,as well
as in sets of populations of organisms.One also nds claims about frequenciesin
counterfactual and in nitely large populations|of ewvents|at the coreof an answer
to a question concerning the foundations of ewlutionary theory. The question is
this: To what do the numerical probabilities found throughout ewlutionary the-
ory correspond? The answer in question says that ewlutionary probabilities are
\h ypothetical frequencies”(including what are sometimescalled\long-run frequen-
cies" and \long-run propensities”). In this paper, | review two argumerns against
hypothetical frequencies.The argumerts have implications for the interpretation
of ewlutionary probabilities, but more importantly, they seemto raise problems
for biologists' claims about frequenciesin counterfactual or in nite populations of
organismsand sets of populations of organisms.| argue that when properly under-
stood, claims about frequenciesin large and in nite populations of organismsand
sets of populations are not threatened by the argumerts. Seeingwhy gives us a
clearerunderstanding of the nature of counterfactual and in nite population claims

and probability in ewlutionary theory.
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1 Intro duction

On one hand, claims about frequenciesin courterfactual and in nitely large
populations of organismsor setsof populations lie at the core of ewlutionary
theory. On another, claims about frequenciesn courterfactual and in nitely

large populations of eventslie at the coreof an answer to a questionconcerning
the foundations of ewlutionary theory: What do the numerical probabilities
found throughout ewlutionary theory correspnd to in the world? One not
uncommonanswer?! is that many of the probabilities mertioned in ewlution-
ary models are what are called\h ypothetical frequencies".l intend this term
to cover what are known as\long-run propensities" and sometimes\long-run
frequencies".According to a hypothetical frequencyinterpretation of proba-

bility,? probability can be de ned in terms of a large, perhapsin nite, coun-
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1 | encourter it more often in corversation than in print.

2 An \in terpretation of probability” is an accourt of what it is about the world

that we are talking about in somecontext when we talk of probability. See(Eagle,
2004)or (Hajek, 2003) for a more detailed discussionof the term. Other well-known
interpretations of probability include actual nite frequency single-casepropen-
sity, subjective probability, logical probability, and classicalprobability. For critical
overviewsof many of the available alternativessee(Cohen, 1989;Eagle,2004;Gillies,
2000a,b;Hajek, 2003; Howson and Urbach, 1993). Also note (Brandon, 1990; Mill-
stein, 2003;Richardsonand Burian, 1992;Sober, 2000), which discussvarious inter-

pretations of probability in relation to biology. There have beenrecert suggestions



terfactual sequenceof events (x2). There are a number of objections to sut
theories,and | beliewe that the idea should at best be deployed only with ex-
treme resenations. In this paper | reviewtwo of the most damning argumeris
againsthypothetical frequency the \unjusti ed courterfactuals problem" (x3)
and \the referencesequenceproblem™ (x5). Theseargumerts are not as well
known asthey should be amongthoseinterestedin philosophicalissuescon-
cerning biology, and the argumerts should give pauseto anyone who wants
to courtenancehypothetical frequencyas an interpretation of probability in

ewlutionary theory.

The real point of examining the two argumens, howewer, is to investigate
whether|apart from the viability of hypothetical frequency|similar argu-
merts are troublesomefor commonclaimsin ewlutionary theory concerning
courterfactual setsof populations and in nitely large populations. | explain
why, when properly understood, these claims from ewlutionary theory are
not underminedby the argumerns against hypothetical frequency I'll look at
two particular examplesof sud claims which seemrepresetative of many
similar ones.In Section 4 | examine a discussionfrom a well-known text-
book (Roughgarden,1979)which invokescourterfactuals about frequenciesof
statesin setsof populations. | argue that a variant of the unjusti ed coun-
terfactuals argumen implies that these cournterfactuals about frequenciesof

statesin setsof populations are literally false.Howewer, | explain that sut

that biological probabilities might be understood in terms of ideasfrom statistical
medanics (Bouchard and Roserberg, 2004;Roserberg, 2001;Weber, 2001),in terms
of complex causal structure and large scale patterns of events (Abrams, 2005), in
terms of persistenceof frequencies(Millik an, 2000), or in terms of theoretical role

(Sober, 2000, 2005).



courterfactual claimsare merely stand-insfor other claimsabout probabilities
concerningfuture statesof a single population, and that the latter claimsare
not subject to anything like the unjusti ed courterfactuals problem (nor the
referencesequenceproblem). In Section6 | analyzean extensionof a simple
theoremabout the decg of heterozygosiy (Gillespie, 1998)in order to clarify
the nature of claims about in nite populations of organisms.l arguethat the
character of the argumen for the extendedtheorem allows it to avoid both

the referencesequenceroblem and the unjusti ed courterfactuals problem.

2 What is hypothetical frequency?

First, let meillustrate very briey the needfor an interpretation of probabil-
ity in a biological cortext where this need has beenwidely recognized.The
propensity interpretation of tness de nes \tness" so that it will be pro-
portional to expected number of o spring (Brandon, 1978;Mills and Beatty,

1979).That is, accordingto the PIF, tness is proportional to

where P(O = n) is the probability that a given organismor kind of organ-
ism will have n o spring. There is then a further question as to what the

probabilities P(O = n) consistin.



To seethe problem more clearly, note that mathematical axioms determine
the formal characteristics of probability. > The axiomsjustify inferencesfrom
statemerts about probabilities to statemerts about other probabilities or prop-
erties de ned in terms of probability (variance, for example). The axioms
themsehes, howewer, do not determinewhat it is that statemeris mertioning
probabilities literally assertabout the world. The axioms don't specify what
it isin the world, if anything, that numerical valuesof probability correspnd

to.

A hypothetical frequency interpretation of probability, or hypothetical fre-
guencytheory, is a proposalthat at least someprobabilities should be de ned
partly in terms of what frequenciedn a very long sequencef everts would be
were sud a sequencdo occur. Thus a hypothetical frequencytheory de nes
a kind of probability in terms of counterfactuals about relative frequenciesn
long sequence®f trials.# The following is then de nitionally necessaryfor
thereto be a probability r of an outcomeE: Werethere many tokensof a par-
ticular kind of trial, the relative frequencyof E amongall sud trials would

tend to r in the limit or perhapsthe nite long run. Note that it's crucial

3 Here is one version of standard axioms that a probability function P(x) must

satisfy:
@ o0 Px 1
(2) P(xX)+ P(y)=P(xory) P(xandy)

Theseaxioms are supplemened with axiomswhich specify how the events or propo-
sitions which are argumerts to P(x) are allowed to combine. Axiom (2) is often

replacedwith a stronger axiom that coversin nite sums.
4 (Hacking, 1965) and (Gillies, 1973) are two classic statemerts of hypothetical

frequencytheories. Seealso note 6.



that there be speci ¢ circumstanceswhich arerepeatedin ewery trial|that is

what is meart by \kind of trial".

Hypothetical frequenciesisedasa basisfor tness, for example,would depend
on courterfactuals concerningrepetitions of trials consistingof a given organ-
ism's life in a given ervironmert, or repetitions of trials consisting of lives
of di erent organismswith the samegenolpe (or phenotype) in the same
ervironmert. For example,on a hypothetical limiting frequencyaccoun, the
probability of a certain number of o spring would be de ned asthe limit, as
the number of trials is increased,of the relative frequenciesof trials in which
exactly that number of o spring were produced.®> Notice that frequenciesin
a sequenceof ewents as it becomeslonger and longer are, properly speak-
ing, frequenciesin a sequenceof larger and larger sets of ewverts, where eat

succeedingsetincludesits predecessorsa proper subset.

| won't needto distinguish here between various kinds of hypothetical fre-
guencytheories,someof which go by the name\long-run propensity theory",
while others go by \long-run frequencytheory" or \limiting frequencythe-

ory". % In the rest of the paper, I'll resene \long-run frequency" for any fre-

5 More precisely let (i) be the function which is equal to 1 if organism or type
O's number of o spring is n on trial i, and equalto O otherwise. Then the relative
frequency of casesin which O hasn o spring in the rst k trials is P }(:0 n(i)=k.
The probability of having n o spring would then be lim; %P }(:0 n(i), where

most of the trials which determine the valuesof (i) are to be counterfactual.
6 \Long-run propensity" is usually used for a theory which attributes objective

probabilities to single trials but de nes those probabilities in terms of counterfac-
tuals about long sequencegcf. (Fetzer, 1981;Gillies, 1973,2000b; Kyburg, 1974)).

\Long-run frequency", by cortrast, is somewhatmore likely to be usedfor theories



guencyor limit of frequenciesin a large number of trials, whether actual or
courterfactual. Thus a hypothetical frequencytheory will be any interpreta-
tion of probability given in terms of courterfactuals about long-run frequen-

cies.

Hypothetical frequencyseemso be on unusually shaky ground despite some
cortinued popularity (e.g.in (Gillies, 2000b)).In Sections3 and 5 I'll descrike
two important objectionsin detail . Both of the objections seemto have been
rarely noticed in discussionsof probability in ewlutionary biology, and they
have newverto my knowledgebeendiscussedssupplying moredirect challenges

to talk of courterfactual setsof populationsand in nite populations (xx4, 6). ’

which apply only to fairly long sequence®f actual trials; long-run frequencywould
then be de ned in terms of the counterfactual extension of the sequenceto many
more trials. (It's generally agreedthat \long-run frequency theory” and \limiting

frequencytheory" should be applied to the interpretations of von Mises (1957) and
Reicherbadh (1949), but views di er about whether these authors' views should
be interpreted as invoking courterfactuals.) Long-run propensity in the sensemen-
tioned is also contrasted with single-casepropensity (which need not depend on
counterfactual sequences)Both sensesof \prop ensity” derive from (Popper, 1957,
1959). Note that single-casepropensity is what philosophersof biology often mean
by \prop ensity"|as in (Mills and Beatty, 1979)or (Brandon, 1990).Philosophersof
biology tend to use\long-run frequency"” for what I'm calling hypothetical frequency

(Brandon, 1990; Graveset al., 1999; Roserberg, 2001; Sober, 2000, 2005).
7 Works on philosophy of biology which mertion objections relevant to hypothetical

frequencyinclude (Bouchard and Roserberg, 2004; Graveset al., 1999; Richardson
and Burian, 1992;Sober, 1984b,2000). Other argumerts courting againsthhypothet-
ical frequencytheoriescan be found in (Armstrong, 1983;Cohen, 1989;Eagle, 2004;

Fetzer, 1981; Giere, 1976; Hajek, 1996, 2002; Howson and Urbach, 1993; Kyburg,



3 The unjustied counterfactuals problem

Hypothetical frequencyis de ned in terms of courterfactuals about long-run
frequenciesn repetitions of similar trials. Howeer, it is not at all clear that
sud courterfactuals are ewver true (whether or not courterfactuals are prob-
lematic in general).l'll beginby consideringa claim that a coin hasa probabil-
ity of r to land heads.We could instead considera claim about the probability
for an organismto live to the ageof reproduction, or to have 140 spring rather
than someother number. Intuitions will be clearer, howeer, if we step badk

from the complexitiesof biological cortexts for the momert.

According to a simple hypothetical frequencytheory, part of what makesit
true that the probability of headsis r is that if a coin weretossedmany times,
perhapsan in nite number of times, the limiting frequencyof headsamong
the courterfactual tosseswould be r, or would be about r, or the frequencies
would in somesenseor another tend toward r. There is insu cien t reasonto
think that any sud courterfactual is true, howewer. Note, rst, that on ewery
toss headsis a possibility. Thus it's possibleto get headsas many timesin a
row asyou like, even an in nite  number of times. Any sequencef headsand
tails is possible.A sequencevith no limiting frequencyis possible,and various
limiting frequenciesare possible.Why should we think that a courterfactual
limiting frequencywill have a single precisevalue (or even a narrow range
of values)?An advocate of hypothetical frequencyouglht to provide a reason
to think that cournterfactual frequenciesare determinate and will accordwith
what probabilities are supposedto be|to provide areasonto think that worlds

with a long-run frequencyof r for headsare nearest,if you like (cf. (Lewis,

1974; Sklar, 1970;Van Fraassen,1980).



1973)). Howe\er, this issueis generallyignored.®

The precedingis an argumen that evenif there werea sequencef trials of the
samekind, courterfactuals about frequenciesvould not bejusti ed. Biological
casesnight be even more problematic, though, for it will often be unclearwhat
a courterfactual situation with many similar biologicaltrials would be like. As
Richardsonand Burian (1992) point out, actual ervironmerts may uctuate

in drastic ways over time. In that case,a courterfactual situation in which
fairly similar conditions are repeated over and over again during a very long
period of time may be particularly unlike real biological situations, requiring
bizarre assumptionswhich make courterfactuals about repetitions impossible

to ewvaluate.

Now, in the coin-tossingexample,of coursewe feelthat we won't seecertain
sequencessay, all headsin ten thousand trials. You might even be tempted
to say that sud sequencesvould not be likely to occur. Howewer, that would
simply be to say that the sequences not prokable and you would then seem
to needan independen sourcefor probabilities over sequence®f outcomes.

Onemight think we could just requirethat there be somedistribution of limit-

ﬁagle (2004) calls the unjusti ed counterfactuals problem the \Je rey problem"
after a related argumernt in (Je rey, 1977). Variants of the argumert can be found
in (Armstrong, 1983;Giere, 1976;Hajek, 2002;Sklar, 1970). Sober's (1984b, p. 111;
2000, p. 62; 2005) version of this argumert against hypothetical frequency assumes
that we already have some(other) kind of objective probability on individual trials;
part of the point of a hypothetical frequency theory is to be able to deny such
assumptions. Note that van Fraassen (1980, ch. 6) \avoids" this problem by in
e ect simply stipulating that relative frequenciesare the samein eadh relevant

“courterfactual' world|actually a structure in a model.



ing frequenciesn the relevant courterfactual worlds|that long-run frequency
have the samevaluein almost every relevant world or that sud and sud pro-
portion of worlds have limiting frequenciesnear somevalue. But we can't just
cournt worlds; sincephysical properties sud aslocation vary cortinuously, the
number of relevant courterfactual worlds is uncourtably in nite (cf. (Lewis,
1973, p. 20)). The complexity of biological environmernts makes this point
particularly saliert. Sowe would needto weight setsof worlds in someother
way than by courting. That would be tantamount to providing a probability

measureover theseworlds, and this would againneedan independer source?

4 Counterfactual sets of populations of organisms

Biologists often make claims about frequenciesin apparertly courterfactual,
large populations, setsof populations, etc. For example,Roughgarden’'g1979,
Ch. 5) discussionof geneticdrift makesa number of claimsabout setsof popu-
lations of organisms.Eacd population canbein a state correspndingto agene
frequency and Roughgardeninvestigateshow many populationsin a set will
be in various statesafter a certain number of generations.Roughgardengives
examplesusing a set of laboratory populations of Drosophila melanogaster
and using populations simulated on a computer. Howewer, my interest is in
Roughgarden'sclaims about frequenciesof states in sets of courterfactual
populations of organisms.Above, | reviewed an argumen that hypotheti-
cal frequency'sassumptionthat courterfactual frequenciesare determinate is
unjusti ed. Is there a similar problem for Roughgarden'sclaims about coun-

terfactual setsof populations?Yes, I'll argue, if her statemeris are taken at

9 (Sober, 2000) makes a related point.

10



face value. Howewer, I'll also argue that what Roughgardenactually intends

to convey is not subject to an unjusti ed courterfactuals problem.

Roughgardengives a simple exampleinvolving a courterfactual set of popu-
lations, for which \W e can... predict the fraction of the populationsin eat
state through time." (p. 61) A small part of Roughgarden'sargumert for this
claim will illustrate the issuesinvolved. We imagine a set of populations, eat
with a xed population sizeof 1 organism.The state of eat sud population
is the number of A allelesin its one menber. Thus, a population in state 1
consistsof an organismwith one A allele and one a allele. Roughgardengives

the following argumert:

. the probability of drawing two A gametes[from those produced by a
population in state 1]is zlp of drawing an A gameteand an a gameteis % (i.e.,
2pg), and of drawing two a gametesis %. Therefore, 1 of the populationsin
state 1 will move to state 0, 5 will stay in state 1, and ; will move to state

2. (Roughgarden,1979,p. 61)°

Notice that the argumen's premisegivesprobabilities of various combinations
of gametesinto zygotes,while its conclusiongivesfrequenciesof populationsin
various statesat a later time. Thesefrequenciesare equalto the probabilities
mertioned in the premise.Given that the conclusionclaims that frequencies
de nitely would have certain valuesin a set of courterfactual populations, it's
reasonableto ask whether an argumert similar to that given against hypo-

thetical frequencyin the precedingsectioncould be usedto challengeRough-

10 Roughgardenassumesthat the probability of drawing an Alor algamete de-
pendsonly on the number of allelesin the oneparent. This correspondsto sampling

with replacemen.
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garden'sconclusion.

First, notice onevery signi cant di erence betweenRoughgarden'sconclusion
and the claims which ground a hypothetical frequencytheory of probability:
While Roughgarden'sconclusionis supposedto be justied by probabilities
which are antecedetly assumedo exist, hypothetical frequencytheoriesgen-
erally make no assumptionthat any other kind of probability exists(sincethe
point is to de ne a senseof probability in terms of somethingmore basic).*
That hypothetical frequencyis not basedon any other kind of probability is
part of what leaves counterfactual claims about long-run frequencieswithout
any mooring. Howewer, Roughgarden'sclaims about cournterfactual frequen-
ciesare not in much better shape. For it simply doesn't follow from the fact
that the probability of a kind of evert is r that the frequencyof sud ewerts

will ber.'? Roughgardenprovides no additional premiseswhich could justify

mpothetical frequency theory de nes probability in terms of many frequen-
ciesin nite sets, and frequenciesare, mathematically, probabilities (they satisfy
one standard set of axioms). But a hypothetical frequertist, while recognizingthat
fact, need not take the nite, counterfactual frequencieswhich she usesto de ne
hypothetical frequencyto be probabilities in senseof providing an interpretation of

what is meart by \probabilit y* in a particular scierti ¢ or practical context.
12 A reviewer suggestedthat Roughgardenmight be claiming only that the expected

frequency of populations in a given state s will ber. That would be to claim that
the averageof frequenciesof populations in state s will ber. Such an averagewould
require either a set of sets of populations, or probabilities of a set of populations
exhibiting various frequenciesof populations in state s. While the latter probabilities
could be derived from those mertioned in the premise of Roughgarden'sargumert,
an overly elaborate interpretation of Roughgarden'sconclusionwould be required

in either case.Roughgarden'sdirect languagemakesno use of \average", \exp ect",

12



the inference, either. Compare: One cannot assumethat if a fair coin were
ipp ed 100times, exactly 50 of the outcomeswould be heads.Thus, like the
hypothetical frequertist, Roughgarden'scourterfactual claims that frequen-

cieswould have determinate valuesare not justi ed.

Howewer, we should not take Roughgarden'sclaims about frequenciesn sets
of populations at face value. First, she notesthat the predicted frequencies
do not exactly match frequenciesin computer simulations in two sets of 50
populations (p. 61). Yet a computer simulation of a set of populations would
seemto capture what is essetial to claimsabout courterfactual populations.
Unlike an experimert usingpopulations of real organisms,Roughgarden’ssim-
ulations presumablyinclude no obsenational errors or interfering e ects that
might causean experimert to depart from predicted results.'® If suc a sim-
ulation doesn't match what's supposedto occur in a courterfactual situation,
there is either a problem with the simulation or a problem with claims about
the cournterfactual situation. Moreover, Roughgardenexpresseso distrust of
the results of the simulations. It seemsreasonableto think that in the pas-
sagesquoted above, Roughgardendid not really meanthat the \predicted"
frequenciesof populations werewhat would in fact obtain in ideal courterfac-

tual situations.

or \exp ectation". | suggesta simpler non-literal interpretation of Roughgarden's

conclusionsbelow.
13The most interesting di erence between a computer simulation and a realistic

counterfactual caseis that in the simulation, the stochasticity captured by an inter-
pretation of probability in ewlutionary theory is generally provided by a random
number generating algorithm rather than whatever is the source of stochasticity
in the world. Still, if the simulation is a good one, it should produce a pattern of

behavior similar to what a counterfactual situation in the world would produce.

13



Rather, Roughgarden’'sclaims about courterfactual populations seemto be
nothing more than a looseway of making concretea claim concerningthe
prokabilities of various states for any one population. A claim that the fre-
guency of state s in a courterfactual set of populationsis r is a pedagogical
devicefor conveying the intuition that there is a probability of r that a single
population will changeto state s. This is con rmed by other passages Chap-
ter 5, sud as Roughgarden'sremark that \w e dewelop theory to predict the
prokability of the system'sbeingin eat possiblestate..." (p. 57,emphasisin

original text) or a very similar remark in a footnote to page61.

Thus, Roughgarden'sclaims about courterfactual frequenciesshould not be
read literally. Properly understood as claimsabout the probabilities for states
of one population, they are strictly derivable from her assumptionsabout
probabilities. (In the passagel quoted above, the \derived" probabilities of
states simply are the probabilities mertioned in the premisewithin the quo-
tation. Most of Roughgarden'sinferencesare not sodirect.) Moreover, under-
stood in this way Roughgarden'sclaims are not about frequenciesn courter-
factual populations (unlesswe wereto give her probabilities an interpretation
in terms of hypothetical frequency). Thus her claims are not subject to a

version of the unjusti ed courterfactuals argumen. 4

14 Most of Roughgarden'sclaims also are not subject to anything like the reference
sequenceproblem, described below, becausehey only concern nite setsof popula-
tions. Roughgardendoesmake a passingremark about in nitely many populations
(p. 61). It is not undermined by the referencesequenceproblem, for reasonsillus-
trated below in Section 6. (Note that cortrary to a remark Roughgardenmakes, it
is not strictly correct that \In the limit of in nitely many populations, ead with

the same nite number of individuals in it, the theory would be exact" (p. 61), i.e.

14



5 The reference sequence problem

There is another problem for hypothetical frequency theories which invoke
limiting frequenciesbasedon in nite sequence®f ewerts rather than merely
long nite sequencesAs I'll show below, by changingthe order of termsin sud
an in nite  sequencewne can make its assaiated limiting frequencytake any
value we want. We can even make the frequenciedfail to corvergeto a limit.

Hajek (2002) calls this the \reference sequenceroblem”.® The problem for
a hypothetical frequencytheory is this: Even if we had a reasonto think that
the limiting frequencyfor a sequencevould ber in a courterfactual situation,
additional justi cation would be neededto take the particular order of those

ewerts to be the relevant order.

that her predictions would be correct for an in nitely large set of populations. In
the limit aswe increasethe number of populations, the frequenciesof populations in
ead state neednot correspond exactly to the probabilities of those states. Rather,
such an outcome hasa probability of 1; that doesnot meanthat it is guaranteed to
occur. Consider for comparisonan in nite sequenceof tossesof a fair coin, where
on ead toss the probability of headsis .5. A strong law of large numbers implies
that there is a probability of 1 that the limiting frequency of headsis .5 (i.e. the
set of sequencesvith limit .5 has probability 1). Nevertheless,it is possiblethat an
in nite sequenceconsisting of all headswill occur. In fact, that particular sequence
has exactly the sameprobability as every other sequencenamely, a probability of

zero. Similar remarks apply to many similar claims about in nite populations.)
15 This problem is often ignored in works which advocate hypothetical frequency

as an interpretation of probability, and | don't beliewe that it has been widely
recognized.It is not particularly new, howewver; a version can be found in (Russell,

1948, pp. 366f).
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First, note that it's often assumedhat trials shouldbe orderedby time. Why
shouldtime order be special, though? Consider,for example,hypothetical fre-
guencyasan interpretation of viabilit y|probabilit y of reating reproductive
agelin 17-year periodic cicadas.In the actual world, millions of cicadasbe-
gin their life cyclesaround the sametime, and a population is dispersedover
a wide area. What would a relevant courterfactual sequenceof cicadalives
look like?It should surely presene the 17-year reproductive cycle, given that
this cycle seemsto be a strategy to reduce predation. If the courterfactual
sequencef livesis to be orderedin time, doesit involve one cicadaewery 17
years?Or, sa, thousandsor millions of cicadasorderedin time during one
year, followed in the sequenceéby a similar number of cicadas17 yearslater,
and soon?Or are we to imagine an in nite temporal sequencef cicadalives
within a single cycle? A sequenceordered spatially would seemto have at
least as much intuitiv e senseas one laid out in time. That would require an
additional choice of a particular spatial ordering, of course.In general,there
doesnot seemto be any strong justi cation for any particular ordering of a
courterfactual in nite sequencef biologicaltrials. Howewer, without a deter-
minate order, the (cournterfactual) limiting frequencywill be indeterminate as

well.

To seewhy, let us again look at a non-biological example. Notice that in
an in nite sequenceof headsand tails with limit 1/2 for tails, there is an
in nite number of headsand an in nite number of tails. Consider the tails
outcome which occurs earliestin the sequenceMove the secondof the tails
outcomesinto a new position just in front of that rst tails outcome. Then
move the third tails outcomeinto the place where the secondwas, and for

ewery tails outcomethat is moved up, move the next tails outcomeinto its

16



place.We thus shift all of the tails outcomeswithout adding or removing any
of them, creating a sequencean which there is one more tails outcome near
the beginningof the sequenceNext repeat this whole procedurefor each tails
outcomeatfter the initial pair of tails we just created.This resultsin a sequence
of headsoutcomesand pairs of tails outcomes,where a pair of tails replaces
ead singletails outcomein the original sequenceThus the limiting frequency
of tails pairs is 1/2, but consideredas a sequenceof single outcomes,the
limiting frequencyof tails will now be 2/3. Howewer, nothing has beenadded

or removed from the set of outcomesin the sequence.

The essehal point here,which appliesto biologicaltrials aswell ascoin ips,
isthat in every in nite sequencen which an outcomehasa limiting frequency
other than 0 or 1 (aswell assomewith limit O or 1) there are exactly asmany
instancesof the outcome and its cortrary as in any other sud sequence:
Eadh set of instancesis countably in nite. Thus any sud sequencecan be
reorderedinto almost every other. The point, howewer, is not that we might
devise a certain way of permuting an in nite sequenceput rather that a
principled justi cation is neededfor taking an in nite set of everts in any
particular order. Without that there is no principled reasonfor taking some
particular limit assigni cant. ** (Note the point from Section5, that a limit

of frequencieds actually basedon a sequencef setsof everts, whereeadt set

16 Thus it doesnot matter that one could rule out the reordering example | gave
by requiring that sequencessatisfy a randomnessrequiremert derived from von
Mises' (1957) de nition of probability. Any sequencewith limit r satisfying suc
a requiremert can in principle be transformed into another satisfying the same
requiremert but with adi erent limit (or none), sinceall allowable sequencesontain

an in nite  number of instancesof ead outcome.
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contains the setsearlier in the sequenceThe presen point then is that there
is no principled reasonfor putting everts in earlier, as opposedto only later

setsin the sequenceof sets.)

If biological probabilities sud as those underlying tness are to be given an
interpretation as courterfactual limiting frequency somerationale for taking
courterfactual trials in someparticular orderis needed However, | seeno suth

rationale available for biological cases.

6 Innitely large populations of organisms

Biologists sometimesmake claims about in nitely large populations. For ex-
ample, a commonkind of claim is that in an in nitely large population, se-
lection will drive a certain geneto xation ewventhoughin a nite population
drift may prevert that particular outcome. Talk of frequenciesin an in nite

population makes no sense however, if interpreted literally. In an in nitely

large population any property with a frequencyother than zerowould have to
be sharedby an in nite number of organisms.In that casewe can't just take
the quotient of two in nities to determinethe frequencyof the property. Gen-
erally, claims about in nite populations can only be justied as shorthands
for claims about limits as population sizeis increasedwithout bound. Note
that sud a limit involvesa sequenceof sets, eat larger than the preceding,
and recall from Section5 that, strictly speaking,the sequenceaisedto de ne
hypothetical frequencyis just sud a sequenceof sets. This suggeststhat an
argumern like the one at the core of the referencesequenceproblem might
imply that there's somethingillegitimate about talk of in nite populations of

organisms.lt's instructive to seewhy this is not so.I'll give an overview of the
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reasonswhy followed by an illustration usinga particular biological example.

First, note that the referencesequenceproblem|lik e the unjustied coun-
terfactuals problem|is a problem for certain kinds of attempts to de ne a
fundamenal senseof objective probability in terms of limits of frequencies.
It is not clear that any argumert like it can raise problemsfor claims about
limits wheretheseclaimsare derived from assumptionsabout someother kind
of probability which is assumedo haveits own justi cation. Biologists' claims
about in nite populations seemto be justied by limit theoremsof this lat-
ter kind|ones justied by calculations over previously (sometimestacitly)
assumedprobabilities. The resulting claims about in nite populations would
seemto be problematic to whatewer extert the assumedprobabilities which
justify them are problematic, but not becausethe claims concernin nitely

large populations.

Second,the limits which justify in nite population claims don't seemto de-
pendon the kind of factsthat make the referencesequenceroblemapplicable.
The referencesequenceproblem s a problem for a limit de ned in terms of a
a sequenceof sets.In particular, the referencesequenceroblem ariseswhen
there is inadequate justi cation for grouping items into these various sets.
Howeer, the sort of limits usedto justify in nite population claims do not
generally depend on which organismsare in which populationsin a sequence
of populations. What matters for the limit in sud casesis only that the
population sizeincreasesrom onesetin the sequenceo the next (while, for
example,genefrequenciegemainthe same).An extensionof a simpletheorem

in (Gillespie, 1998,x2.2) will illustrate thesepoints.

Gillespie derivesthe proposition that after t generations,the probability H;
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that two allelesdrawn randomly (without replacemet) are di erent is

Hi=Ho 1 oo (1)
HereH, is the correspnding initial probability and N is the population size.
Gillespie speaksonly of large, not in nite populations, but this is newertheless
a simple illustration of the kind of proposition which biologists useto justify
claimsabout in nite populations. Equation (1) implies that if the population
sizeN is in nite, the probability that two randomly chosenallelesare type
identical is 1, and further that this probability doesnot change with time.
More precisely this is a casewhere a claim about an in nite population is a
shorthand for a claim about a limit asthe population sizeis increasedwithout
bound. In equation (1), if N is increasedwithout bound, ﬁ goesto 0 in the
limit. Thusin the limit of population size,H, remainsconstart at Hy:

NIi!gn H = NIi!rln Ho 1 N Ho (1 0)'=Hg: (2)
First note that proposition (2) dependson assumptionsabout existing proba-
bilities. Gillespie'sderivation of equation (1) beginswith a stated assumption
that mating is random (p. 23). Gillespie de nes \random mating" as what
occurswhen\mates are chosenwith completeignoranceof their genotpe (at
the locusunder consideration),degreeof relationship, or geographiclocality.”
(p- 11) It's commonto usesimilar wording to imply that mating is randomin
the mathematical sensethat every organismin the population has an equal
probability of mating with any other.’” Indeed, when Gillespie usesthe as-

17To say that there is an equal probability of choosingany individual is to attribute
quite a bit of systematicity to outcomesof choices;it is to say that outcomesaccord

with the probability calculus. Strictly speaking, the mere claim that choices are
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sumption of random mating on pp. 23f, its implication is that the probability
of a particular token allele being chosen(with replacemety presumably) to
combine with another alleleis % and it is this implication which givesrise to
the term subtracted from 1 in equations(1) and (2). This assumptionabout
the probability of one allele conbining with another would most naturally
be justied by an assumptionthat eadt token allele presen in the previous
generationhasan equal probability of being matched with another. Thus the
implications of Gillespie's argumerns for large population sizesN are justi-

ed by a prior assumptionthat there are certain probabilities of allelesbeing

conbined into a new individual.

Second,notice that the limit in (2) dependsonly on the increasein N, along
with the initial probability Hy of randomly chosenallelesbeingidentical. It's

not required that populations further on in the sequencecortain earlier ones
(asin ade nition of \hypothetical frequency"). Altering which organismsrst

appear in earlier or later populationsin the sequencecannot a ect the limit,

becausethe limit statemert makes no referenceto the memnbers of the pop-
ulations: The only variable elemen of the limit statemen is the population
sizeN . Thereis thus no referencesequencegroblem, becausehe details of the
seguene do not matter. (Note that for the samereason,the unjusti ed coun-
terfactuals problem doesnot apply here. Counterfactualsabout a sequenceof
populations are not relevant to the limit becausewhat matters in the mathe-

matical sequencas simply population size.)

It is reasonableto think that other claims concerningin nite populations

made \with complete ignorance"” of a property is consistert with choicesbeing so
erratic that there is no sensein which outcomescan be characterized in terms of

probability.
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have similar properties. In that casetheseclaimsalsowould not be subject to

anything like the referencesequenceroblem.

7 Conclusion

The primary purposeof this paper wasto investigate whether two objections
to hypothetical frequencyinterpretations of probability alsotell againstclaims
in ewlutionary theory concerningcourterfactual, possiblyin nite populations
and setsof populations. A secondarypurposewasto arguethat hypothetical
frequencyinterpretations should not be taken seriously as candidatesfor an
interpretation of probabilities in ewlutionary theory. After presening ead
of the two objections to hypothetical frequencytheories,| discussedccommon
claims in ewlutionary theory which plausibly would be vulnerable to simi-
lar objections. | then arguedthat in eat casethe ewlutionary claims turn
out in the endto be safefrom the objections. Examplesfrom two textb ooks

(Roughgarden,1979;Gillespie, 1998)illustrated the relevant biological claims.

The unjusti ed courterfactuals problem is the problem of providing an in-
dependent justi cation of courterfactual claims about long-run frequencies.
It appearsto be intractable. We saw that courterfactual claims like Rough-
garden's(1979, Ch. 5) about frequenciesof populations in various states are
in fact literally false, for reasonssimilar to those elaborated in the unjusti-
ed courterfactuals argumen. Thus, strictly speaking,sud claimsdo have an
\unjusti ed courterfactuals problem”. Howeer, | arguedthat Roughgarden's
courterfactual claimsshouldnot beinterpreted literally. Understood asclaims
about probabilities of statesof a single population, the claims are not subject

to an unjusti ed courterfactuals problem. Sud claims about probabilities are
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derived from assumptionsabout the existenceof other probabilities.

The referencesequenceproblem is the problem that in a limit of frequencies
in an in nite  sequenceof evens, there doesnot seemto be a principled jus-
ti cation for taking the ewverts in a particular order. Yet changingtheir order
canresultin adi erent limiting frequency Using an extensionof a simple the-
orem about heterozygosiy presertied by Gillespie (1998, x2.2), | arguedthat
the limits which ground in nite population claims do not depend on ordering
of elemeits in a way which would make somethinglike the referencesequence

problem applicable.

It is thus reasonableo think that courterfactual claims about large and in -

nite populations and setsof populations are not underminedby the two argu-
merts againsthypothetical frequency Howeer, the discussionof the example
from Roughgardenshaws the importance of properly interpreting biologists'

claims about probability and frequency

Note that in both of the examplesl gave, the claims made by biologists were
justi ed by derivation from assumptionsthat certain probabilities exist. These
probabilities were not simply the probabilities of having certain numbers of
o spring which are often mertioned in discussionsof biological tness. Thus
my discussionhelpsto emphasizehe needfor an interpretation or interpreta-

tions of probability to make senseof various kinds of probabilities assumedn

ewlutionary theory. '8 For example,an interpretation of probability is needed
to provide a foundation for models in which there is or is not assortative
mating, or for models in which the probability of migration ernters into cal-

culations. Without understandingwhat interpretation of probability grounds

18 (Millstein, 2003) emphasizeshis needas well.
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claims about populations and ewlution, it is just not clear what is being

asserted?!®
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